We propose a noisy quantum analogue of the well known Stuart-Landau equation for weakly nonlinear oscillators. Surprisingly, we find the oscillator's amplitude to be amplified by the very same noise responsible for its stochastic dynamics. This has interesting implications for the theory of linear amplifiers and the so-called quantum van der Pol model used in quantum synchronisation. We then go beyond the weakly nonlinear regime and obtain an exact quantum analogue of the nonlinear oscillator which van der Pol proposed in his 1926 paper.
An exciting and long-standing endeavour in physics is the quest of quantum-mechanical phenomena with classical counterparts. To this end, classical nonlinear systems can be expected to provide us with a rich source of inspiration [1] . Indeed, chaos, a traditional subject in the theory of nonlinear dynamics became a paradigm where physicists tried to observe the physics of classical systems in the quantum realm [2] [3] [4] . More recently, a different type of nonlinear phenomenon-synchronisation (to do with how nonlinear oscillations behave when coupled to other oscillatory systems)-has also garnered a lot of interest in the quantum domain [5] [6] [7] [8] . The quantumclassical analogy for nonlinear systems is also of interest to the continuous-measurement community where chaotic behaviour has been shown to emerge for continuously monitored quantum systems [9] [10] [11] .
A well known model in the study of nonlinear systems is the so-called Stuart-Landau equation (SLE). An equation of this type can be shown to arise by taking the familiar harmonic-oscillator dynamics and adding a small nonlinearity to its position evolution. Physically, the added nonlinearity corresponds to a self-correcting mechanism for the oscillator's complex amplitude α such that it experiences gain during certain intervals and dissipation in others. The net result is that the oscillator has a stable nonzero amplitude in the long-time limit. Such oscillators are said to be self-sustained, or in the language of nonlinear dynamics, the oscillator is said to possess a limit cycle in phase space. The SLE has the general form given by
where λ 1 and λ 2 are complex coefficients. Such an equation was first introduced phenomenologically by Landau [12] , and later derived by Stuart [13] in the context of turbulence [14] . The SLE in fact describes an entire class of weakly nonlinear oscillators. However, it still lacks an element that makes it realistic-noise. If parameters external to the system are not perfectly known-for example if one drives an oscillator with a fluctuating signal that is otherwise periodic as might happen when trying to control or entrain the oscillator-then such fluctuations lead to a stochastic input to the system. Noisy versions of (1) have been studied in classical synchronisation (see e.g. Refs. [15] [16] [17] ) but no quantum analogue is known to date. In this Letter we derive a quantum Stuart-LandauLangevin equation (SLLE) [18] [quantum stochastic version of (1)], using a single bosonic mode interacting with two atomic ensembles. The SLLE then sets the stage for our main result-that the same noise responsible for the random motion of the oscillator has the surprising effect of amplifying the oscillator's amplitude. We then spend the rest of our time exploring the consequences of our result. In particular, it will be shown that the SLLE can be turned into a model of a quasilinear amplifier and that pure noise-induced amplification is possible, i.e. the amplification can come from noise alone. Our result is also of interest to quantum synchronisation: The SLLE will be seen to capture some details that are absent in the phenomenological quantum van der Pol model which has become a prime example for studying synchronisation (see e.g. [19, 20] ). We also derive the quantum generalisation of (1) to allow for strong nonlinearities (a quantum van der Pol equation) but without noise. This in principle leads to a quantum relaxation oscillator analogous to the classical one which van der Pol proposed in 1926 [21] .
Hamiltonian.-We take the annihilation operatorâ for a harmonic oscillator with frequency Ω 0 as the analogue of α. To generate the appropriate evolution we allowâ to interact with two atomic ensembles, each defined by a set of Pauli operators denoted byτ 
We have definedT = n ζ nτ
where ζ n and ξ n are the oscillator-atom coupling constants. We will also refer to atoms of type I and II respectively as a gain medium and nonlinear absorber as these are also commonly used terms in quantum optics [22, 23] (ignoring the fact that this nonmenclature implies how they are usually operated). Stuart-Landau-Langevin equation.-The exactâ(t) is defined by the Heisenberg equation of motion using (2) . For many systems the so-called Born-Markov approximation can be used to simplify such an equation [24, 25] (which will be self-evident later). In the present context this amounts to the oscillator being only weakly coupled to the atoms and thatT(t) andΠ(t) have short correlation times compared to the characteristic timescale of
whereT(t) andΠ(t) are the freely-evolvedT andΠ. Under these assumptions we can simplify the Heisenberg equation of motion to arrive at the following SLLE [26] [27] [28] :
Here γ 1 and γ 2 are positive real numbers proportional to the values of |ν n | 2 and |ω n | 2 at Ω 0 and 2Ω 0 respectively. We have also used N ↑ and N ↓ to denote atomic populations of the excited and ground states for type-I atoms with a transition frequency of Ω 0 and temperature T 1 . Similarly N ⇑ and N ⇓ denote atomic populations for type-II atoms with a transition frequency of 2Ω 0 and temperature T 2 . It is clear from (4) that the oscillator experiences either a gain or a loss that is linear inâ(t) depending on the inversion of the type-I atoms (defined as N ↑ −N ↓ ). Similarly, the type-II atoms introduce a nonlinear gain or loss depending on its inversion (i.e. N ⇑ − N ⇓ ). These are the analogous terms to (1) . However, we also have thermal noise from the environment represented bỹ T(t) andΠ(t). They have zero mean and are independent of each other. In stochastic processesT(t) is referred to as additive noise andâ † (t)Π(t) as multiplicative noise. Additive noise is the simplest form of noise used to model stochastic systems and appears frequently in quantum optics. Multiplicative noise however, appears much less and is more cumbersome to treat than additive noise because averages of multiplicative noise do not factorise and care must be taken to calculate the statistics of such terms. Classical Langevin equations with multiplicative noise have been studied extensively in random-process theory [29, 30] . Nonlinear classical Langevin equations with Stuart-Landau-type terms have also been used to model intensity fluctuations in lasers [31] [32] [33] .
Noise-induced amplification.-To prove noise-induced amplification we must show that on average either one of the noise terms in (4) contributes to an increase inâ(t). The zero-mean property of the additive noise means that
The average of the multiplicative noise can in fact be calculated analytically by using the fact thatΠ(t) is a free noise operator, and will thus commute withâ(t ) for any t > t . A further simplification comes from noting that we are in the Markov limit which implies thatΠ(t) may be taken to be uncorrelated with any oscillator variableŝ(t ) provided that t > t . Using these two properties together with (4), we can show that the average with respect to the joint oscillator-atom state of the multiplicative noise is given by
Substituting this result into (5) shows explicitly that the noise amplifies the oscillator amplitude at a rate of 2γ 2 N ⇑ . It can be taken as a quantum analogue of the noise-induced drift in the classical theory of stochastic processes [34, 35] . Quasilinear amplifier model.-The standard amplifier Langevin equation (SALE) realised using two-level atoms in the rotating frame defined by (3) has the form [36] 
where κ ↑ = γ 1 N ↑ and κ ↓ = γ 1 N ↑ . The SALE assumeŝ µ(t) to be zero-mean white noise and therefore satisfies
We can thus turn the SL oscillator into a quasilinear amplifier by operating the nonlinear absorber in the hightemperature limit for which N ⇑ = N ⇓ = 1/2. In the rotating frame, (4) then gives
where the rotated noise arev(t) ≡T(t) exp(i Ω 0 t)/ and w(t) ≡Π(t) exp(i 2 Ω 0 t)/ . Comparing (6) and (9) to (7) and (8), we see that our SLLE gives rise to a more general amplifier which adds both multiplicative and non-white noise. We have illustrated this in Fig. 1(a) . Note also that (9) can be said to implement a quasilinear amolifier since the nonlinear absorber is still in operation, or in other words, the Hamiltonian for (9) remains nonlinear as given by (2) . We can make a closer connection to the SALE by taking the white-noise limit ofv(t) andŵ(t) (which we can since the noise is already assumed to be Markovian). Since the SLLE was derived assuming only that the noise is broadband and hence physical, by the Wong-Zakai theorem of stochastic calculus [37, 38] , the quasilinear SLLE (9) has to be interpreted in the sense of Stratonovich on taking the white-noise limit [18, 39] . We can now decorrelate the quasilinear amplifier noise from the bosonic amplitude by converting (9) into its equivalent Itô form [18] , given by
Here we have defined the quantum Wiener processeŝ
dt ŵ(t ) which satisfy the (quantum) Itô rules [40] ,
where in general κ ⇓ = γ 2 N ⇓ and κ ⇑ = γ 2 N ⇑ . The coefficient ofā(t) in (10) , which contributes to the amplifier gain, now includes the noise-induced contribution represented by γ 2 . Taking the average of (10), we immediately obtain
since in Itô form the average of the noise terms vanish. This shows that the noise-induced gain obtained earlier is consistent with stochastic calculus and that it can be interpreted as an Itô correction in the white-noise limit. Interestingly, if we remove the gain medium completely then our quasilinear oscillator is driven entirely by multiplicative noise. In this case we see from (13) that ā(t) = exp(γ 2 t) ā(0) where the gain of the bosonic amplitude is due solely to the thermal noise coming from the nonlinear absorber. We call this pure noise-induced amplification and is depicted in Fig. 1(b) . It should also be mentioned that the influence of noise on the oscillator must be such that [â(t),â † (t)] =1 for all values of t. If we interpret (4) as a stochastic differential equation then we can prove this using Itô calculus although this is also possible using Stratonovich calculus.
Relation to the model used in synchronisation.-Synchronisation studies the behaviour of nonlinear oscillators under the influence of other systems (say an external drive, or other nonlinear oscillators). This branch of nonlinear science has, especially in recent times, received 
FIG. 1:
Summary of the quantum SLLE under various regimes of operation using an optical cavity and atomic ensembles. The bosonic cavity mode is represented by the red line across the two mirrors. The atoms are colour coded so that red means they are in the high-temperature limit, blue for the low-temperature limit, and grey denotes population inversion: (a) Quasilinear amplifier (
much attention in the quantum domain giving rise to the field of quantum synchronisation. In order to observe synchronisation in quantum systems a phenomenological model of the SL oscillator was introduced in the Schrödinger picture as a master equation for the state of the oscillator ρ(t) [5, 6] as
where
and κ 1 , κ 2 are positive real numbers. As argued in Ref. [41] , (14) can be taken as a model of the SL oscillator because it produces a similar equation on average:
Note the time dependence of the expectation value is written as a subscript as (15) is no longer obtained in the Heisenberg picture. Equation (14) has hitherto been referred to as a model for the quantum van der Pol oscillator. It is sufficient for investigating synchronisation, but as a model of a nonlinear oscillator it lacks some interesting features when compared to the SLLE. First, κ 1 and κ 2 in (15) are independent whereas the coefficients of the linear and nonlinear terms in (5) are not. This can be seen on using (6) which leads to the appearance of N ⇑ in the linear term in (5). Hence we see that noise-induced amplification is not captured by (14) . Moreover, by controlling the population inversion of the gain medium and nonlinear absorber the SLLE allows the linear and nonlinear terms to have tunable gain and loss. On the other hand, since both κ 1 and κ 2 are positive, (15) , and therefore (14) , can only describe linear gain and nonlinear loss. In fact (15) corresponds to (5) and (6) in the limit when N ↓ = N ⇑ = 0, and N ↑ = N ⇓ = 1. This corresponds to perfect population inversion of the gain medium and perfect cooling of the nonlinear absorber (note that N ⇓ → 1 when T 2 → 0). We have illustrated this scenario in Fig. 1(c) .
A less pragmatic but fundamental difference between the SLLE and (14) is that because (14) is an equation of motion for the oscillator's state, it simply cannot lead to an exact quantum analogue of the classical SLE (1): If we argue that â plays the role of α as (15) suggests, then we would like to obtain | â | 2 â for the nonlinear term on its right-hand side instead of â †â2 . To make the analogy closer the semiclassical approximation is often made. In this regime, the oscillator's fluctuations are assumed to be small compared to â so thatâ may be replaced by its average. In this case â †â2 ≈ | â | 2 â and (15) then looks exactly like the classical SLE, but only as an approximation. To get around this, we should takê a as the quantum analogue of α, then a natural progression to arrive at a quantum model of the quasiharmonic oscillator would be to seek an equation of motion forâ. Moreover, classical nonlinear systems are usually defined by the time evolution of the system's dynamical variables (such as position and momentum, or some generalised coordinates), so obtaining a model in which the classical dynamical variables are turned into operators would be the most natural approach.
Quantum van der Pol oscillator.-If one wants to explore the physics of highly nonlinear oscillators then one must go beyond the SL oscillator. A natural extension would be a quantum analogue of the classical van der Pol oscillator defined by
Here x is the position of the oscillator and is dimensionless. Finding the quantum analogue of (16) will then lead us to a quantum version of the so-called relaxation oscillators that van der Pol proposed in his famous 1926 paper [21] . To the best of our knowledge, a quantum van der Pol equation has not appeared in the literature. To obtain such an equation one needs to know how to quantise the classical van der Pol oscillator by finding an appropriate Hamiltonian. Such a Hamiltonian exists in the literature on classical nonlinear dynamics [42] . To engineer a van der Pol oscillator Shah and coworkers introduced two oscillators, one called the primary oscillator [whose dynamics should follow (16)], and the other secondary. As Shah and colleagues noted in Ref. [42] , their result can in principle be used to quantise the classical van der Pol oscillator although there does not appear to be any motivation for them to do so. Using their result, we postulate the quantum Hamiltonian that does the job to beĤ
wherex andp x are the position and momentum operators for the primary oscillator satisfying [x,p x ] = i 1 (and similarly for the secondary oscillator). Note that all identity operators are assumed to act on the respective Hilbert spaces of the primary, secondary, or joint systems. It can be shown that (17) generates an equation of motion for the primary oscillator in exact analogy to the classical van der Pol oscillator. The resulting equation is simply (16) but with x →x and 1 →1.
There is of course also the dynamics of the secondary oscillator. However, the Hamiltonian in (17) cleverly generates a unidirectional coupling of the primary (i.e. the van der Pol) oscillator to the secondary one so that only the equation forŷ depends onx, but not vice versa. Equation (17) was inspired by previous Hamiltonian descriptions of dissipative systems [42] [43] [44] such as the model due to Bateman [45] who also introduced a system of two oscillators. In his approach one oscillator gains energy while the other is damped so that the joint system conserves energy.
Conclusion.-We have derived a quantum SLLE and showed that it leads to noise-induced amplification. Ramifications of this effect and the SLLE were then explored. In particular we discussed the connection between the SLLE to linear amplifiers and quantum synchronisation, the relationships of which are summarised in Fig. 1 . Finally, we obtained an exact quantum van der Pol model which allows one to enter the strongly nonlinear regime. We expect this to be useful for extending the theory of quantum synchronisation.
